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Anomalous X-ray Scattering experiments have been performed to study the local order in an 
amorphous CuZr sample prepared by mechanical alloying. The three partial structure factors were 
extracted both using a regularization algorithm to solve an ill-conditioned system of linear equations 
and applying the reverse Monte Carlo technique to the experimental data. Then the short range 
atomic distributions of similar samples prepared by different methods and investigated by different 
techniques are compared. 
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1. Introduction 

The unusual physical and chemical properties of 
non-crystalline alloys have motivated, in the last 
years, the development of new techniques for produc-
ing amorphous materials. At the same time, the short-
range atomic environment of these metastable com-
pounds has extensively been studied and a new branch 
of science emerged: amorphography [1]. How far is the 
amorphous state from thermodynamic equilibrium? 
Has every amorphous specimen its own atomic struc-
ture or can its structure be considered a slight modifi-
cation from an ideal glass state? T o elucidate the latter 
point, it is necessary to compare high quality experi-
mental information about the atomic distr ibution of 
different samples. 

In the simple case of binary systems it is possible to 
obtain a good description of the atomic structure by 
extracting the three partial structure factors (PSFs) . 
T h i s requires three different experiments which in-
volve strong contrast among the atomic form factors 
[2]. When suitable isotopes are available, the neutron 
scattering technique may be used to obtain the P S F s 
[3]. Unfortunately, it can be applied to only a few 
elements. 

On the other hands, thanks to the tunability, high 
brightness and intensity of synchrotron radiation it is 
possible to take advantage of the energy dependence 
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of the X- ray scattering factors (anomalous X-ray scat-
tering, A X S [4]). However, even for binary compounds 
the system of linear equation is ill-conditioned and the 
solutions are strongly sensitive to small changes in the 
data. The presence of both random and systematic 
errors could prevent a good solution and standard 
least-squares routines often fail to provide a solution 
with physical meaning. Different non-standard meth-
ods for solving the ill-conditioned system have been 
proposed [5-9] . 

In this paper we describe the application of the A X S 
technique to extract the P S F s of C u Z r amorphous 
alloy prepared by mechanical alloying. Preliminary 
results have been reported in [10]. A regularization 
algorithm for treating the ill-conditioned system wi l l 
be described. The comparison of the short range 
atomic arrangement with the structural parameters 
obtained from A X S [9, 11] and neutron scattering 
techniques [12, 13] on rapidly quenched samples is 
also discussed. Furthermore, the reverse Monte Carlo 
(RMC) technique has been used to obtain an indepen-
dent set of P S F s and partial distribution functions 
( P D F s ) that best reproduce the experimental func-
tions. 

2. Formalism and Strategies 

2.1. Scattering Formalism 

According to the Faber-Ziman formalism [14], the 
total structure factor ( T S F ) a(q, E), for a binary amor-
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phous system, can be defined as a weighted sum of 
three P S F s , a^q), [15, 16]: 

a (q , E) = wA A (q, E) aAA (q) + 2 w A B (q, E) a A B (q) 
+ wBB(q, E)aBB{q), (1) 

wij(q,E) = c i C j f i f j * / < f y , (2) 

< / > 2 = k A / A + c B / B |2 , (3) 

where ct and f = f (q , E) are the concentration and 
the atomic scattering factor of species i, respectively. 

T h e X - rax atomic scattering factor can be written as 

ft (q, E) = fi° (q) + // (q, E) + i / / ' (q, E), (4) 

where q = 4 n s in (9)/a i s the modulus of the scattering 
vector with 2 5 the scattering angle and X the photon 
wavelength, E i s the photon energy, the Fou r ie r 
t ransform of the electron density, and f- and // ' are 
the real and imaginary parts of the anomalous disper-
s ion correction, respectively. T h e dependence of these 
terms of the scattering angle is negligible, but they 
change abruptly when the energy of the incident beam 
is tuned near the absorption edge of the i species. 

F o r P S F available in the reciprocal space in the 
range from to q2, the partial pair correlation func-
tion, Gij(r), i s defined as 

Glj(r)=-]q[aij(q)-\}sm(qr)dq. (5) 
71 q i 

T h e nearest neighbour distances R u are given by the 
posit ion of the first maximum in the Gi}{r). T h e P D F s 
can be calculated from 

PDFlj(r) = cj[4nQor2 + rGij(r)], (6) 

Q0 being the mean atomic number density. The num-
ber of j atoms around the atomic species i in the range 
from r j to r2 can be evaluated as 

Nij = ]PDFu(r)dr. (7) 

T o evaluate the chemical ordering, the parameter 
'/AB proposed by Cargi l l and Spaepen [17] may be 
adopted: 

>7AB = N A B / N * B - 1 , (8) 

where N*AB = c B N A N B / ( N ) , Nt = Nu + N^ and 
<IV> = C A N A + C B N B . 

2.2. Differential Anomalous Scattering (DAS) 

T h e first step to separate the P S F s i s reached by 
calculating the differential structure factors ( D S F s ) 

around each atomic species present in the sample. A 
differential structure factor can be obtained by per-
forming scattering experiments at two energies, re-
spectively near and far f rom the absorption edge of an 
element. B y taking the difference between these two 
data sets, all correlations not involving the chosen 
atom disappear: 

D S F a (q, Ex, E2) = AVVAA aAA (q) + A W a b aAB (q), (9) 

AWij(q, Ei, E2) 
= Kj(q, E1)<f(E1))2 - wu(q, E2) </ (F2))2]/ 

[< / (£ 1 )> 2 -< / (£ 2 )> 2 ] , (10) 

the coefficient Aw B B being practically zero. 
T h e Four ie r sine transform of D S F A gives the differ-

ential d i s t r ibut ion function D D F A ( r ) , which describes 
the structure around the atom A. Therefore it i s sensi-
tive only to the environment of that atom: 

D D F A ( r , E x , E 2 ) (11) 

2 91 
= - U [ D S F A (q,Ex,E2)-\] s in for) d q, 

n q i 

W i t h a suitable choice of the difference between the 
two energies (i.e., a large enough difference to yield a 
significant change in / ' but not too large, so that one 
can assume that the two measurements have been 
performed under s imi lar experimental conditions), the 
D A S procedure i s able to partial ly cancel some sys-
tematic errors . 

T h i s technique provides local information s imi lar 
to that provided by Extended X- ray Absorpt ion F ine 
Structure ( E X A F S ) technique. These two techniques 
are complementary because they cover different 
ranges of the reciprocal space [18], 

2.3. Strategies for Obtaining the PSFs 

2 . 3 . 1 . A n o m a l o u s X - R a y S c a t t e r i n g ( A X S ) 

The three partial structure factors can, in principle, 
be determined using three independent measurements 
with varying ft and solving, for each g-value, a system 
of linear equations. I n matr ix notation: 

W p = t, (12) 

where the elements of the vector t are the measured 
T S F s , a(q, E); p i s the unknown vector of the P S F s 
a{j(q) and W is the matr ix of the weighting coefficients 

Wij(q, E). 
Unfortunately, th is system is i l l-conditioned due to 

very weak differences among its rows, and the solut ion 
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is strongly sensitive to small changes in the data vec-
tor, t. Consequently, the noise or the systematic errors 
present in t could prevent a correct solution. 

The conditioning can be evaluated through the s in-
gular value decomposition ( S V D ) of the matrix W. As 
known [19], the S V D of a matrix W(m, n)(m > n) gives 
two orthogonal matrices U , V and a diagonal matr ix 
D, such that 

W = U D V T ; U T U = I m , V T V = I„ , (13) 

D = diag(cr1, a 2 , . . . , a n ) , (14) 

o-j > <r2 > . . . > an > 0 . (15) 

I n (13) I m and I„ are the identity matrices of order m 
and n, respectively, and the elements, at, of the diago-
nal matrix, D, are the singular values of the matrix W. 
The ratio between the first and the last non-zero s in-
gular value is called the conditioning number of W , 
cond(W), and represents an amplification factor in 
propagating the experimental errors. Indeed, i f 8t i s 
the error vector associated with t, the relative error dp 
of the solution vector p, i s given by [20] 

II 5/» || /1| /»|| < cond (W) || bt || /1| f || , (16) 

where || || denotes the Euclidean norm. Typically, the 
value of cond(W) for A X S experiments i s larger than 
that encountered in neutron scattering experiments 
using isotopic substitution. 

Given the poor conditioning, a new approach is to 
introduce further information to decrease the condi-
tion number, this way making the system more stable. 
A strategy suggested by Munro [21] and implemented 
by Ludwig [22] and de L ima [5] consists in introducing 
in the system (12) the two differential structure factors, 
calculated near the K-edge of both elements. Really, 
the introduction of these functions represents an im-
portant improvement towards obtaining a stable solu-
tion of the system. The solution of the system is ob-
tained, for each value of the scattering vector q, by 
minimiz ing the quadratic function || W p — t\\2. T h i s 
strategy has been successfully applied in the study of 
amorphous N i 2 Z r , for which high quality data with a 
very low level of noise were available [23]. 

Nevertheless, often the decreasing of the condition-
ing number is not sufficient for obtaining a good solu-
tion. In these cases some regularization methods have 
been proposed to reduced the influence of the noise 
[7, 8]. I n practice, the quadratic function to be mini -
mized is 

Q[k](p) = A\\HWp\\2+ ||Wp-f||2 , (17) 

where H [ k ] is the regularization matrix and /. is the 
regularization parameter which determines the influ-
ence of the matrix H . Fol lowing the usual procedures 
of regularization in Euclidean spaces, three different 
regularization matrices can be considered. Each of 
them corresponds to a different constraint being im-
posed on the regularized solution. The choice k = 0 
corresponds to a control on the norm of the vector p, 
i.e. it prevents the three components ofp from becom-
ing too large. The choices k = 1 and k = 2 correspond 
to a control on the first and second variations in the 
components of p, respectively. The value of the regu-
larization parameter must be carefully chosen: i f Ä is 
too large, the solution vector p does not correspond to 
the input data; on the other hand, i f / i s too small p 
tends to the least-squares solution. T h i s method has 
been demonstrated to have good properties of stabil-
ity, in absence of systematic errors, even in the case of 
highly noisy data [7], 

However, in experimental situations also systematic 
errors are usually present in the measured data. They 
are more dangerous than random errors, since they 
often vary slowly with q. The presence of systematic 
errors gives rise to some specularity (mirror effect) both 
in P S F s and in the P D F s [24]. I n the reciprocal space 
the amplitude of the P S F s is often far from being phys-
ically meaningful. T h i s fact causes, in real space, the 
presence of wide regions where the atomic distribution 
is negative. Although systematic errors are not success-
fully treated by the regularization algorithms, it i s pos-
sible to rewrite the system (12) so that all g-points are 
simultaneously involved and the constraints are ap-
plied to consecutive points of the three P S F s at the 
same time [25, 26], 

I n experimental situations it is quite difficult to ap-
preciate the level of systematic errors but, in some 
cases, the constraints are able to reduce their effects 
forcing the solutions, the P S F s and then the P D F s , to 
change simultaneously. T h i s often leads, at varying /, 
to a progressive reduction of unphysical behaviour 
and m i r ro r effect. Therefore, the criterion of min imiz-
ing the presence of unphysical negative values in real 
space can be used to stop the regularization process. 

The efficiency of the regularization algorithm was 
tested by comparing the regularized P D F s with those 
obtained with other methods. Figures 1 and 2 show 
the regularized P D F s at different values of the regu-
larization parameter, for amorphous N i Z r 2 and 
N i Z r 3 , respectively. I n the case of the least-squares 
solut ion (curves a) only the Z r - Z r P D F s exhibit an 
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Fig. 1. Partial distribution functions for the amorphous 
NiZr 2 at increasing of the regularization parameter; curves 
(a): least-squares solution. Final curves (d) are compared with 
results obtained by applying an iterative method (dotted 
lines) [5], 

8 r(A)10 

Fig. 2. Partial distribution functions for the amorphous 
NiZr 3 at increasing of the regularization parameter; curves 
(a): least-squares solution. Final curves (d) are compared with 
results obtained by applying an iterative method (dotted 
lines) [5], 

acceptable behaviour, while the N i - Z r and N i - N i 
P D F s are affected by strong unphysical negative fea-
tures and the typical mi r ror effect. T h i s is the case of 
the erroneous situation where a positive strong peak 
present in a P S F is compensated by a negative peak in 
another PSF . By increasing A (from a to d curves), 
these unphysical features are practically eliminated. 
Each function, at the best /. value (curves d, ful l line), 
i s compared with the corresponding function obtained 
by using an iterative method (curves d, dotted line) [5]. 

Whi le the Z r - Z r P D F s exhibit a is very good agree-
ment, some comments are necessary for the N i - N i 
and N i - Z r P D F s . I n the case of the regularized N i - N i 
P D F s the short and medium range order apper com-
pletely destroyed, while the same P D F s obtained by 
the iterative method exhibit strong oscillations in the 
medium range. Really, the absence or the very small 
N i - N i coordination, in amorphous N i Z r 2 and N i Z r 3 , 
has been stated by E X A F S [27] and X- ray diffraction 
[28] investigations, thus the features in the medium 
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range appear unusual. T h i s result can be interpreted 
as due to a residual m i r ro r effect between the N i - N i 
and N i - Z r P D F s , considering that the amplitudes of 
the oscillations in the medium range of the N i - N i and 
N i - Z r P D F s are very large, and the posit ions of the 
maxima in the N i - N i P D F s roughly correspond to 
the positions of the minima in the N i - Z r P D F s , and 
viceversa. I n the light of these results, the regulariza-
tion algorithm seems able to provide reliable P S F s . 

2.3.2. Reverse Monte Carlo ( R M C ) 

The reverse Monte Carlo method has been pro-
posed as a method for obtaining a three-dimensional 
model of the structure of disordered materials from 
scattering data [29]. 

The R M C is a variation of the standard Metropol is 
Monte Carlo procedure (no interatomic potentials are 
required) in which a structural function calculated 
from the configuration of the atomic coordinates is 
systematically compared with the same function ob-
tained by an experiment. The squared difference be-
tween the experimental, Fe(x), and calculated, Fc(x), 
structural function in the real or the reciprocal space 
is minimized unt i l convergence i s reached. W i t h ade-
quate computer time a good agreement is usually ob-
tained. F o r a binary amorphous material the R M C 
method can be able to provide the three P S F s , a,7(<j), 
(or the P D F s , g^ir)) using, as input information one or 
more experimental functions. Only the chemical com-
position, the measured density of the sample and the 
closest approach distance of two atoms are needed in 
the R M C algorithm. 

The following steps elucidate the procedure: 
i) An init ial configuration of N particles in a peri-

odic cubic box of side length L i s created. The size of 
the box must be chosen such that the number density 
corresponds to the experimental one. T h e starting 
configuration may be a lattice, a random network or 
the result of an earlier simulation. 

i i ) Starting simulated grf - (r) functions are calculated, 
and from them any function F c (x) of interest can be 
constructed. Fc(x) i s compared with the correspond-
ing experimental function F e ( x ) , via a standard y2-
test: 

X2 = UFc(xk)-Fe(xk)]2/2a2
k, (18) 

k 

where ok is the estimated experimental error. 
i i i ) A new configuration is generated by a random 

motion of a randomly chosen particle. T h i s produces 
a new Fc(x), and a y'2 can be calculated. 

iv) I f y2 > y2, the move is accepted, otherwise it is 
accepted with a probability e x p ( / 2 — y2). The proce-
dure is repeated from (iii). 

As the procedure is iterated, y2 w i l l decrease to an 
equil ibr ium value about which it wi l l oscillate. At this 
point it is possible to start collecting a set of indepen-
dent configurations consistent with the experimental 
data and calculate the average Fc (x). F r o m the three-
dimensional model of the atomic posit ions it i s possi-
ble to deduce structural information not directly 
available from diffraction experiments such as the 
bond angle distr ibution, defined as the number of an-
gles 6 between the two vectors jo in ing a central atom 
with any two neighbours of its first coordination shell. 

3. Experimental and Data Analysis 

3.1. Sample Preparation and Characterization 

The amorphous C u Z r alloy was prepared by 
mi l l ing a suitable mixture of the elemental powders. 
The mi l l ing process was carried out under argon at-
mosphere using steel vials mounted on a high energy 
planetary ball mi l l . The changes to the amorphous 
phase were monitored by X- ray diffraction spectra 
taken on small portions of the powder at different 
mi l l ing steps. After 20 h, the crystalline peaks of ele-
mental Cu and Z r have completely disappeared and 
only a broad halo typical of the amorphous state was 
present in the spectrum. Fe contamination from the 
ball m i l l was found to be less then 2 % in the final 
product. 

3.2. X-Ray Diffraction Measurements 

The X-ray diffraction data were collected on the 
wiggler beam line at L U R E - D C I (France) using a 
two-circle goniometer. The powder sample was placed 
in a vacuum chamber to avoid air scattering contribu-
tion to the measured signal. The experimental appara-
tus is equipped with a two crystal S i (220) monochro-
mator and a Sol id State multidetector composed of 12 
S i : L i plates [30]. The use of the multidetector has 
greatly reduced the time needed to reach a good sig-
nal/noise ratio. 

The energy resolution of the multidetector is suffi-
cient to resolve the fluorescence but not the fluo-
rescence K ß , when the energy of the incident beam is 
close to that of an absorption K-edge. Moreover, part 
of the Compton scattered intensity cannot be sepa-
rated, particularly at low scattering angles. 
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Table 1. Anomalous scattering factors (electrons) calculated 
at the different energy values (keV) [33]. 

Energy /cu feu fzr fzr 

£ , = 8.779 - 3 . 4 7 0.50 - 0 . 4 4 1.93 
E-, = 8.975 — 7.83a 1.66a - 0 . 4 7 1.85 
E 3 = 11.000 — 0.60 2.78 - 0 . 8 0 1.29 
£ 4 = 17.400 0.24 1.27 - 3 . 0 2 0.56 
£ 5 = 17.990 0.25 1.20 — 7.56a 0.99a 

E6 = 18.972 0.26 1.09 - 2 . 1 6 3.38 

a Values obtained from experimental absorption data by 
means of the optical theorem and the Kramers-Kronig inte-
gration [31, 32], 

F o r a binary compound, three different measure-
ments should be, in theory, sufficient to obtain the 
three P S F s . However, s ix experiments were performed 
to reduce the i l l-conditioning of the system, allowing 
also the use of the differential structure factors [21]. 
The six different photon energies, reported in Table 1, 
have been suitably chosen to yield significant changes 
in the real part, / ' , of the anomalous scattering fac-
tors. 

The energies E 2 and E 5 are very close the K-edge of 
Cu (8.980 keV) and Z r (17.998 keV), respectively, and 
have been selected below the edge in order to reduce 
the emission of fluorescence. The energies Et and EA 

have been selected far enough from the edge to yield 
a significant variation in / ' , but not too far in order 
to take advantage of the cancellation of systematic 
errors in calculating D S F C u and D S F Z r . The energies 
E 3 and £ 6 have been chosen far from both edges to 
evaluate the experimental ratio K^/K^ for both Cu 
and Z r , in order to be able to subtract the contri-
bution from the measured data at the energy closest to 
the K-edge. 

3.3 Data Analysis 

Great care was necessary in the preliminary steps of 
data analysis, in particular in the rejection of the K^ 
fluorescence, the subtraction of Compton scattering 
and the normalization to obtain the absolute scatter-
ing per atom. F o r the energies nearest to the Cu and 
Z r K-edge, the values of f ' C u and f ' Z r , respectively, 
were calculated using the K ramers -K ron ig relation-
ship [31, 32], starting from experimental absorption 
data: otherwise tabulated values were used [33]. A ful l 
description of the data analysis steps can be found in 
[5, 23], 

Each data set was independently processed to ob-
tain the T S F . These functions were separately ana-

Fig. 3. (a) Superimposition of ten different total structure 
factors measured at the energy £ s = 17.990 keV by ten differ-
ent detectors, (b) Standard deviation calculated by averaging 
20 measurements at the same energy. 

lyzed to check their quality and their compatibility. 
After the rejection of bad data sets, the remaining sets 
were averaged. According to the Faber-Z iman formal-
i sm [14], the total structure factor is obtained from the 
coherently scattered intensity per atom, Ic(q, E): 

a(q,E) = [Ic(q,E)-((f2>-<f>2)]Kf}2, (19) 

< / 2 > = c a / a / a * + C b / b / b * . (20) 

Figure 3 shows how ten different T S F s measured at 
the energy E s = 17.990 keV by ten different detectors 
superimpose very well after all steps of data reduction. 
I n the same figure, the standard deviation from 20 
measurements at the same energy value is also re-
ported. 

4. Results 

4.1. Total Structure Factors 

The six T S F s corresponding to the chosen energies 
are shown in F igure 4. Some considerations can be 
made, (i) The differences among the averaged T S F s 
are small due to the small values of / ' and f " with 
respect to f ° . (i i) T h e curves exhibit a very good sig-
nal/noise ratio which is mostly due to the implementa-
tion of the multidetector. ( i i i ) Due to the preparation 
method small crystall ine contributions are present in 
the spectra [23, 34], T h u s , some features in the T S F s 
are due to crystalline peaks only ascribable to resid-
ual metallic Cu and Z r since no trace of oxide or 
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i i i i i i i i i 
0 3 6 9 12 q(A1)15 

Fig. 4. Total structure factors, a(q, £), corresponding to the 
six energies used: (£,) 8.779 keV, (£2) 8.975 keV, (£3) 
11.000 keV, (£4) 17.400 keV, (£5) 17.990 keV and (£6) 
18.972 keV. To better compare their behaviour, curves from 
(£2) to (£6) have been conveniently shifted upwards. 

intermetallic crystalline phases was observed. I n any 
case, the estimated amount of crystalline contribution 
should not significantly modify the composition of the 
amorphous phase. The main evidencies of the crys-
talline residual phases can be observed on both sides 
of the main peak and also at about 3.50 Ä - 1 and in 
the range from 4.5 to 6 A - 1 . T o undoubtedly attribute 
these features we observed how they change when the 
differential structure factors are calculated. A l l contri-
butions not involving Cu and Z r atoms are, in fact, 
eliminated in the D S F C u and D S F Z r , respectively. 

I t must be pointed out, however, that the presence 
of residual crystall inity is not a crucial point. I n fact, 
we performed in the following two parallel data treat-
ments (with and without removing the crystalline con-
tributions) obtaining two sets of P S F s which exhibit 
the same shape. Only very small bumps remain in the 
uncorrected set at the same g-points where the T S F s 
are affected by the residual crystalline contributions. 

In the real space, the effects of the crystalline contri-
butions in the R D F s calculated by Fourier transform-
ing the total structure factors are not appreciable at 
all. The six R D F s , reported in Fig. 5, show different 
shapes in the region of the first peak due to the differ-
ences in the weighting factors w t j . The left side of the 
peak (shorter distances) is enhanced when the contri-
bution of the pairs containing Z r are lower, i.e. at the 
energies £ 4 , £ 5 , £ 6 nearest to the Z r K-edge. On 
the contrary, when the energies are close to the Cu 
K-edge, i.e. El, E2, E3, the pairs containing Cu con-

Fig. 5. Radial Distribution Functions calculated by Fourier 
transforming the six TSFs reported in Figure 4. The two 
distances Cu Cu/Cu Zr and Zr Zr are roughly evidenced 
(dashed lines). 

Fig. 6. Differential structure factors relative to Cu K-edge, 
(El = 8.779 and £ , = 8.975 keV), and Zr K-edge (£ 4 = 
17.400 and £ 5 = 17.990 keV). Diffraction lines of crystalline 
Cu (dotted lines) and Zr (dashed lines) are also reported 
(arbitrary units). 

tribute less to the R D F s , and the asymmetry of the 
first peak is shifted towards larger distances. Going 
from lower to higher r values, the distance C u - C u and 
C u - Z r and the distance Z r - Z r are therefore evi-
denced. 

4.2. Differential Anomalous Scattering 

The two pairs of energies El-E2 and E4-E5 were 
used to evaluate D S F C u and D S F Z r , respectively. 
These functions are reported in Fig. 6 together with 
the characteristic features of the crystalline Cu and Z r 
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whose diffraction lines are drawn in an arbitrary scale. 
As expected, crystalline contributions appear in each 
D F S : in D S F C u the peaks at 3.00, 3.50, 4.90, and 
5.75 Ä ~ 1 coincide with the posit ions of (111), (200), 
(220) and (311) diffraction lines of elemental Cu. These 
peaks are absent in D S F Z r , while three peaks at 2.55, 
3.90 and 4.60 Ä " 1 , not present in D S F C u , emerge due 
to (101), (110) and (112) diffraction lines of elemental 
Z r . As pointed out, we have estimated that the amounts 
of the crystalline phases are approximately equal, not 
affecting considerably the composition of the amor-
phous phase. 

The precise evaluation of the posit ion of the crys-
talline peaks allowed us to remove these contributions 
from each T S F and D S F in the following way: i) the 
crystalline peaks were f i rst eliminated from D S F C u , 
( D S F Z r ) and from the T S F at the energy £ 2 (E5), the 
nearest to Cu ( Z r ) K-edge, where these effects are more 
enhanced; i i) the T S F at the energy £ t (£4), has been 
re-calculated, from the pair of functions D S F C u and 
the T S F at the energy E2 , ( D S F Z r and the T S F at E5) 
to have a self-consistent set of corrected functions. A 
s imi lar procedure has been applied to remove the 
crystalline contributions from the T S F s at the energies 
£ 3 and £ 6 , i.e. two more D S F s (one around the Cu 
and the other around the Z r , respectively) were calcu-
lated using the pairs of energies £ 2 - £ 3 and £ 4 - £ 6 . 

The D S F s thus corrected are reported in Figure 7. 
Nearest neighbour distances and coordination num-
bers have been obtained from a profile analysis in real 
space of the f i rst peak of each differential distr ibution 
function. I t can be expressed as a sum of two Gaussian 
distr ibutions, i.e., C u - C u and C u - Z r distances for 
D D F C u and Z r - C u and Z r - Z r distances for D D F Z r . 
F igure 8 shows the agreement between experimental 
and calculated D D F s . Best fit values for the structural 
parameters are reported in Table 2. 

4.3. Partial Structure Factors 

As a f i rst approach, we tried to solve the system by 
involving three (corresponding to the energies Ex, £2, 
and £ 5 ) and six (including the energies £ 3 , £ 4 , and £ 6 ) 
T S F s and using a least square routine. The condition-
ing numbers cond(W) for these two combinations are 
reported in Figure 9. No reliable solutions were found 
in this way. 

The introduction in the system of the four D S F s 
gave rise to a strong improvement but was not suffi-
cient to provide a set of solut ions unaffected by distor-

/ 

DSFZR 

- — J 

- V / 

1 < ! , I 1 
0 3 6 9 q ( A - 1 } 12 

Fig. 7. Differential structure factors (see Fig. 6) after removal 
of the residual crystalline contributions. 

Fig. 8. Profile fitting in real space (full lines) of the first peak 
in experimental DDFC u and D D F Z r (dashed lines). The two 
Gaussian contributions are also reported (dotted lines). 

Table 2. Distances, f? (Ä), and coordination numbers, N 
(atoms), obtained fitting the first shell in real space for 
both D D F C u

a and DDF Z r
b . Estimated uncertainties are 

AR = + 0.03 Ä and AN = + 0.5 atoms. 

R N 

C u - C u a 2.69 4.20 
Cu - Z r a 2.79 4.50 
Z r - C u b 2.79 4.80 
Z r - Z r b 3.22 8.50 

sions. The Fig. 10 shows the P S F s obtained by solving 
the system in the least-square sense. The three P S F s 
clearly show distors ion due to the mir ror effect, espe-
cially at low ^-values, where the conditioning number 
is higher. I n real space, the three P D F s too exhibit 



M. Bionducci et al. • Partial Structure Factors of Amorphous CuZr 79 
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0 2 4 6 q (A-1) 8 

Fig. 9. Behaviour of the conditioning number, cond(W), 
when (a) Three ( E l , E2, £ 5 ) and (b) six (including £ 3 , £ 4 , £ 6 ) 
total structure factors are used in the system to obtain the 
partial structure factors. Curve (c) shows the considerable 
decrease of cond(W) when the four differential structure fac-
tors are introduced in the systsem. 

Fig. 10. Partial structure factors obtained by solving the sys-
tem (12) in the least-squares sense. 

unphysical values in large intervals: while the Z r - Z r 
pair shows a physically meaningful behaviour, the 
C u - Z r and C u - C u P D F s suffer from the mi r ro r effect 
as shown in Figure 11. I n particular the unphysical 
peak at 3.35 Ä in the C u - C u P D F is counterbalanced 
by a negative peak in the C u - Z r P D F . T h i s behaviour 
can be explained by the largest contribution of the 
Z r - Z r pair to the T S F s , while the C u - C u and C u - Z r 
pairs are the minor components and thus they are 
subject to larger errors. 

We have tryed to solve the system by using different 
combinations of input functions and changing the set 

30 - PDF Cu-Cu A / 
• Cu-Zr / Y t 

20 -

10 / 

0 
i 

0 2 4 6 8 r (A) 10 

Fig. 11. C u - C u and C u - Z r partial distribution functions 
(least squares solution). The mirror effect between these two 
smaller contributions to the measured TSFs is clearly shown. 

of the weighting factors, but these attempts all failed. 
On the contrary, the regularization algorithm de-
scribed in the first section gave reliable P D F s . The 
strategy was to vary the regularization parameter, 
starting from A = 0 (least-squares solution) unt i l no 
negative values were present in the P D F s . F igure 12 
shows the evolution of the behaviour of the three 
P D F s : by increasing the regularization parameter A, 
the mi r ro r effect and the regions with negative values 
have been progressively reduced, and finally (curves d) 
they disappeared. When A i s increased above this op-
timal situation, the solutions became worse unt i l they 
did not change significantly: the three P D F s obtained 
with this upper value of A are reported in Figure 13. 
Note that the C u - C u pairs shows a lower minimum 
below zero after the first peak, while the first peak in 
the C u - Z r pair becomes less definite. A s imi lar be-
haviour i s present in the P D F s of a C u 4 6 Z r 5 4 amor-
phous sample [9] prepared by melt-spinning. The lat-
ter are obtained by anomalous X- ray scattering data 
through a different approach based on the Bhatia-
Thorn ton formalism [35]. The comparison between 
the curves in F ig. 13 suggests a not complete absence 
of the mi r ro r effect in the procedure proposed. 

4.4 Reverse Monte Carlo 

The R M C method has been applied to experimental 
data for extracting an independent set of three P D F s . 
The fitting procedure has been carried out in real space 
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Fig. 12. Part ial distr ibution funct ions for the a m o r p h o u s 
C u Z r at increasing of the regularizat ion parameter ; curves 
(a): least-squares solution. Final curves (d) are compared with 
results obta ined by applying the R M C method (dot ted lines). 
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Fig. 13. The three part ial distr ibution functions, obta ined by 
increasing / above its opt imal value (full lines), compared 
with those obta ined for the a m o r p h o u s C u 5 4 Z r 4 6 prepared 
by melt spinning technique (dotted lines) [9]. 

T h e three P D F s thus obtained are compared, in 
F ig. 12 wi th those calculated by the A X S method at 
the best regularization parameter (curves d). T h e 
agreement between the two sets of results i s quite 
satisfactory. 

T o characterize the local orientational order, a set 
of rotational invar iants Q} of spherical harmonics may 
be evaluated [36], T h e Qx shave been calculated taking 
into account clusters of about thirteen atoms made up 
by a central atom surrounded by i ts nearest neigh-
bours. T h e y indicate that the preferred local symmetry 
corresponds to a hexagonal close packed dis t r ibut ion 
of atoms wi th a 2 0 % degree of disorder [37], T h e s i x 
bond angle d i s t r ibut ion functions exhibit very s imi lar 
behaviour wi th two maxima at 60c and 110°, showing 
no particular preference for the coordination among 
unl ike atom pairs. 

using, as input functions, the two differential d i s t r ibu-
t ion functions obtained from the T S F s at the energies 
E l - E 2 and £ 4 - £ 5 , and the R D F at £ 5 = 17.990 keV. 

A cubic box of 1000 randomly distr ibuted atoms 
was used as start ing configuration for the f i t t ing pro-
cedure. T h e side of the box was fixed £ = 2 6 Ä for 
taking into account the experimental density. F r o m 
the behaviour of the R D F and the D D F s , the cut-off 
distances have been set to: rCuCu = 2.1 Ä, r C u Z r = 2.2 Ä 

a n d ^ZrZr = 2-2 Ä. 

5. Discussion 

T w o sets of P D F s have been independently ob-
tained by the A X S and R M C method. F r o m them 
structural information such as Rijy N^j and rican be 
evaluated, these results are reported in Table 3. We 
can readily see that the two sets compare well, and the 
values of the st ructural parameters are in agreement 
wi th those obtained by profi le f itt ing the two D D F s . 
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Table 3. First distances (R t j) and coordination numbers (N u ) compared with structural parameters from literature. 

Method Ref. R„(Ä) NU (atoms) 
(izrcJ 

CuCu CuZr ZrZr CuCu CuZr ZrZr 

AXS* 2.68 2.80 3.16 4.6 4.8 7.8 - 0 . 1 0 
R M C * 2.64 2.78 3.14 4.3 5.5 7.0 0.00 
AXS [11] 2.53 2.75 3.15 5.8 5.6 5.0 0.019 
AXS [9] 2.63 2.81 3.20 4.7 5.3 7.7 - 0 . 1 0 
N D I S [12] 2.65 2.80 3.15 5.4 5.0 5.9 0.014 
N D I S [13] 2.59 2.77 3.28 8.2 5.1 5.2 - 0 . 0 5 6 

C u 5 0 Z r 5 0 
C u 5 0 Z r 5 0 
C u 5 0 Z r 5 0 
C u 4 6 Z r 5 4 
C u 5 7 Z r 4 3 
C u 5 7 Z r 4 3 

* Estimated uncertainties are A R = ± 0.03 Ä, A N = ± 0.5 atoms and At] = ±0 .03 . (NDIS = Neutron DilTraction with 
Isotopic Substitution). 

Therefore, in spite of the difficulties in obtaining the 
P D F s , they can be considered physically reasonable. 

I n Table 3 the results obtained by other authors on 
the C u Z r system, prepared by melt spinning tech-
nique, are also reported. We note that the agreement 
between the atomic distances is quite satisfactory 
while larger differences are observed on some coordi-
nation numbers. Indeed N u values are more affected 
by errors during the solution procedures; furthermore, 
different compositions may reflect on different atomic 
coordinations. T h e presence of chemical short range 
order is an important question to correctly describe 
the structure of metal-metal alloys. The order param-
eter r j Z r C u , calculated following (8) show a weak chem-
ical order tendency. L i t t le discrepancies in the values 
of r j Z r C u are found in literature and may be ascribed to 
the difficulties in the determination of reliable partial 
coordination numbers. The uncertainties in N u make 
it hard to demonstrate an unquestionable evidence of 
a chemical short range order in case of small negative 
values of r]AR [13]. 

W i t h i n these considerations, the samples of amor-
phous C u Z r prepared by mechanical alloying and 
melt spinning technique exhibit s imi lar atomic scale 
structure. 

6. Conclusion 

I n this work we have shown that the A X S technique 
can be successfully applied in the study of amorphous 
binary compounds prepared by mechanical alloying. 
Sometimes, due to the preparation method, crystalline 
peaks from residual elemental powders are present in 
the measured data. I n the best case of small contribu-

tions these peaks can be eliminated. I f an absorption 
edge of both atomic species is accessible, it i s possible 
to obtain important structural information making 
use of the differential structure factors. A regulariza-
tion method has been presented to minimize errors 
and spur ious effects in the determination of the three 
partial structural factors. T h i s method displays good 
properties of stabil ity with respect of random and, 
sometimes, systematic errors. Unfortunately, the sys-
tematic errors cannot be, in principle, successfully 
treated with the available regularization methods. 
They can be better approached by solving a system of 
integral equations where the unknown functions are 
represented directly by the P D F s . Moreover, physical 
constraints and a pr ior i information about the be-
haviour of the P D F s (i.e. asymptotic behaviour, non 
negativity, absence of ripples in the low r region) could 
be introduced into the regularization procedure. 

The R M C algorithm has demonstrated to be a 
powerful tool for obtaining a three-dimensional 
model of metal-metal amorphous alloys where no no-
ticeable preferred coordinations among unlike atom-
pairs is evidenced. The P D F s obtained by this method 
are very close to those obtained by the regularization 
algorithm. 

The comparison of the structural parameters of 
amorphous samples prepared by different techniques 
may support the idea of an underlying ideal glass state 
to which the real glasses, obtained in non-ideal condi-
tions, may be referred. Of course, to deeper elucidate 
this very delicate questions, further study is necessary. 

T h i s work is part of the research program "Progetto 
F inal izzato Materiali Speciali per Tecnologie Avan-
zate", Consigl io Nazionale delle Ricerche (CNR, 
Italy). 
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